ADDITIVITY OF JORDAN ELEMENTARY MAPS ON RINGS 



WU JING 

Abstract. We prove that Jordan elementary surjective maps on rings are auto- 
matically additive. 



Elementary operators were originally introduced by Bresar and Serml (PQ). In 
the last decade, elementary maps on operator algebras as well as on rings attracted 
more and more attentions. It is very interesting that elementary maps and Jordan 
elementary maps on some algebras and rings are automatically additive. The aim of 
this note is to continue to study the additivity of Jordan elementary maps on rings 
and standard operator algebras. We first define Jordan elementary maps as follows. 

Definition 1. Let TZ and TZ' be two rings, and let M: TZ -> TZ' and M* -.TZ'^TZhe 
two maps. Call the ordered pair (M, M*) a Jordan elementary map ofTZxTZ' if 

M(aM*(x) + M*(x)a) = M(a)x + xM(a), 
M*(M(a)x + xM(a)) = aM*(x) + M*(x)a 

for all a G TZ, x G TZ'. 

Note that the Jordan elementary maps defined above are different from those in 
®- 

We now introduce some definitions and results. Let TZ be a ring, if aTZb = {0} 
implies either a = or b = 0, then TZ is called a prime ring. A ring TZ is said to be 
2-torsion free if 2a = implies a = 0. 

Suppose that TZ is a ring containing a nontrivial idempotent t\. Let e<i = 1 — e± 
(Note that TZ need not have an identity element). We set TZij = eiTZej, for i, j = 1, 2. 
Then we may write TZ = TZn ® TZu © 7?.2i © ^22- It should be mentioned here that 
this significant idea is due to Martinadale ([6j) which has become a key tool in dealing 
with the additivity of a large number of maps on some rings and operator algebras. 
In what follows, ay will denote that ay G TZ^ (1 < i,j < 2). 

We denote by B(X) the algebra of all linear bounded operators on a Banach space 
X. A subalgebra of B(X) is called a standard operator algebra if it contains all finite 
rank operators in B(X). 

Now we are ready to state our main result of this note. 



Date: May 22, 2007. 

1991 Mathematics Subject Classification. 16W99; 47B49; 47L10. 

Key words and phrases. Jordan elementary maps; rings; prime rings; standard operator algebras; 
additivity. 

1 



2 WU JING 

Theorem 2. Let TZ and TZ' be two rings. Suppose that 1Z is a 2-torsion free ring 
containing a nontrivial idempotent e\ and satisfies 

(i) eiaejlZek = {0}, or ekTZeiaej = {0} implies e^aej = (1 < k < 2), where 
e 2 = 1 - e\; 

(ii) If e2ae2&e2 + e2&e2ae2 = for each b ETZ, then e2ae2 = 0. 

Suppose that M: 1Z — > TZ' and M* :TZ'^TZ are surjective maps such that 

( M(aM*(x) + M*(x)a) = M(a)x + xM(a), 
\ M*(M{a)x + xM(a)) = aM*(x) + M*(x)a 

for all a ETZ, x G 7Z'. Then both M and M* are additive. 

The proof of this theorem is organized as a series of lemmas. We begin with 

Lemma 3. M(0) = and M*(0) = 0. 

Proof. We have M(0) = M(0M*(0) + M*(0)0) = M(0)0 + 0M*(0) = 0. 

Similarly, M*(0) = M*(M(0)0 + 0M(0)) = 0M*(0) + M*(0)0 = 0. □ 

The following lemma is very useful though the proof is simple. 

Lemma 4. Let a = an + ayi + &2i + «22 G TZ. 

(i) If aijtjk = for each tjk G TZjk (I < i,j, k < 2), then = 0. 
Dually, if tkiOij = for each t^i G TZki A — h3i k <2), then = 0. 

(ii) Iftija + atij G TZij for every tij G TZ^ (1 < i ^ j < 2), then = 
(Hi) If data + t u a u = for every tu G TZu (i = 1, 2), then an = 0; 

(iv) If tjja + atjj G TZij f or every tjj G TZjj (1 < i ^ j < j), then aji = and 
a j:j = 0. 

Dually, if t^a + atjj G TZji for every tjj G TZjj (1 < i ^ j < j), then aij = and 
ajj = 0. 

Proof, (i) It follows from condition (i) of Theorem [2] directly. 

(ii) Since t^a + at^ G TZij, we have (t^-a + at^Ci = 0. Thus, ty-ae, = 0, i.e., 
tjjOjj = 0. By (i), we have = 0. 

(iii) For the case of i — 1, we have = anei + eian = an + an = 2an, and so 
an = since TZ is 2-torsion free. 

The case of i = 2 is the same as condition (ii) of Theorem [2] as TZ is 2-torsion free. 

(iv) From tjja + atjj G TZ^, we have (i^a + atjj)ei = 0. Then t^a^ = 0, and so 
dji = 0. 

Again, from tjjd + at,-.,- G 7^-, we have ejitjja + atjj)ej = 0, i.e., + = 0. 
By (iii), we have ajj = 0. □ 

Lemma 5. M and M* are injective. 

Proof. First, we show that M is injective. Let a = an + ai2 + a 2 i + 022 and b = 
bxx + °i2 + &21 + &22 be two elements of TZ. Suppose that M(a) = M{b). 
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For every G IZij, by surjectivity of M* there exists x(i,j) G VJ such that 
M*(x(i,j)) = tij. We compute 

Uja + atij = M*(x(i,j))a + aM*(x(i,j)) = M*(x(i,j)M(a) +M(a)x(i,j)) 
= M*(x(i,j)M(b) + M(b)x(iJ)) = M*(x(i,j))b + bM*(x(iJ)) 
= Ujb + bUj. 

Therefore, we have 

(1) Uja + aUj = Ujb + bUj 

Letting i — j — 2 in the above equality, we have 

£22<3<21 £220.22 + a Y1^22 + a 22^22 = t 22 b 2 \ + t 22 b 22 + b\ 2 t 22 + b 22 t 22 . 

This implies that £220-21 = £22621, «i2£22 = ^£22, and £ 22 o-22 + «22£22 = £22^22 + ^£22- 
By Lemma HI we get a 2 i = 621 , a i2 = &12 and a 2 2 = ^22- 
If % — 1 and j = 2, then equality ([1]) becomes 

£l2«21 + £l2<3-22 + Oll£l2 + «2l£l2 = £l2^21 + £l2»22 + &ll£l2 + &2l£l2, 

and so an£i2 = 6n£i2-Thus an = On. Therefore we can infer that M is injective. 

We now show that M* is injective. Let x,y 6 7?,' such that M*(x) = M*(y). Since 
M is a bijection, we may pick a,b G 1Z such that a = M~ l (x) and b = M~ l {y). We 
write a = a u + a 12 + a 21 + a 22 and b = b n + b 12 + b 21 + b 22 . 

For each G TZ^, by the surjectivity of M*M, there is a c(i, j) G 1Z such that 
M*M{c{i,j))=t ij . 

We consider 

tij Oj ~\~ Qjtij 

= tijM- l (x) + M _1 (x)ty 

= M*M(c(i, j^M^fV) + M -1 (x)M*A!f(c(i, j)) 

= M*(M(c(i, j^MM^tV) + MM _1 (a;)M(c(i,j))) 

= M*(M(c(z, j))x + iM(c(i,j))) = c(z, j)M*(x) + M*(x)c(i,j) 

= c(i,j)M*(y) + M*(y)c(i,j) = M*(M(c(i,j))y + yM(c(i,j))) 

= M*{M(c(i,j))MM-\y) + MM~ 1 (y)M(c(i,j))) 

= M*M(c(i,j))M^ 1 (y) + M~ l (y)M* M(c(i, j)) 

= t ij M~\y) + M-\y)t i] 

tij b ~\~ btij , 

i.e.. t%j I ^t/f/'j. j — t^jb I b~ts<i j . 

With the same argument above we can get an = bn,ai 2 = b\ 2) a 2 i = b 2 \, and 
0-22 = °22- Hence a = 6, equivalently, x = y, which completes the proof. □ 

From the above lemma we see that both M and M* 1 are bijective. 
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Lemma 6. The pair is a Jordan elementary map on 7Z x 7Z' . That is, 

( M*~\aM- l (x) + M~ 1 (x)a) = M*' 1 (a)x + xM*' 1 (a), 
\ M-^M*" 1 (a)x + xM*~ (a)) = aM- 1 (x) + M~ l (x)a 

for all a <E7Z, x G 1Z'. 

Proof. We consider 

M*(M*~\a)x + xM*~\a)) = M*(M*~ 1 (a)MM~ 1 (x) + MM~ 1 (x)M*~ 1 (a)) 

= aM~ l (x) + M _1 (x)a, 
which leads to the first equality. The second one goes similarly. □ 

The following result will be used frequently in this note. 
Lemma 7. Let a,b,ceTZ such that M(c) = M(a) + M(b). Then 
M* _1 (tc + ct) = M*' 1 (ta + at) + \T ' (tb + bt) 

for all tell 

Proof. For every t G TZ, applying Lemma El we have 

M*" 1 (tc + ct) = .\r ' (tM~ l M(c) + M~ l M(c)t) = .\P ' (t)M(c) + M(c)M* _1 (t) 
= M*~\t)(M(a) + M(b)) + (M(a) + M{b))M*~\t) 
= (M* -1 (t)M(a) + M(a)M*~ 1 (t)) + (M*' 1 (t)M(b) + M{b)M*^ (t)) 
= M*~\ta + at)+M*~\tb + bt). 

□ 

Lemma 8. Let an G 7?.^ and by G 7£y ; 1 < i ^ j < 2, then 

(i) M(au + hj) = M( aii ) + Mikj); 

(ii) M*~\ aii + bij) = M* -1 (a«) + M^ikj). 

Proof. Suppose that M(c) = M(an) +M(6^) for some c e 7Z. For arbitrary t i3 - G 72.^, 
by Lemma [3, we have 

M* _1 (ty-c + c£y) = M^iUjau + a«*y) + M*" 1 '(tyfey + = M*' 1 (auUj) . 

It follows that tjj-c + ctjj = ajjtij. By Lemma HI we have Cji = 0. 

we 

have 

(2) ^ij^jj ^iitij Qijtij . 

Now for any ^ G T^, using Lemma we have 
M*~\t jjC + ctjj) = M (l n a„ + u,,l n ) + M^itjjkj + bijtjj) = M (/^/, ; ). 
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which yields that tjjC+ctjj = bijtjj. It follows from LemmaH]that Cjj = 0. Moreover, 
equation d2J) turns to be c^ty = anty, and so Cn = an. 

Notice that bijtjj ~~ tjjc~\~ctjj = tjjCji~\~tjjCjj ~\~Cijtjj -\-Cjjtjj = Cijtjj- Using Lemma 
H]we see that c^- = (i ^ j). Therefore c = en + cy + Cji + Cjj = an + bij. Hence 
M(a u + kj) = M{au) + Mfa). 

By Lemma [6] we can infer that (ii) holds. □ 

Similarly, we can get the following result. 

Lemma 9. Let an G TZu and bji G TZji, 1 < i ^ j < 2, then 

(i) M(au + bji) = M(au) + M{bji); 

(ii) M*'\a u + bji) = M*-\ aii ) + M*~\bji). 

Lemma 10. (i) M{a l2 + b 12 c 22 ) = M{a l2 ) + M{b X2 c 22 ); 
(ii) M*~\a 12 + b 12 c 22 ) = M*~\a l2 ) + M*~\b 12 c 22 ); 
(in) M(a 21 + b 22 c 21 ) = M(a 21 ) + M(b 22 c 21 ); 
(iv) M*~\a 21 + b 22 c 21 ) = M*~\a 21 ) + M*' 1 (b 22 c 21 ) . 

Proof. Note that a x2 + b X2 c 22 = (ei + b 12 )(a 12 + c 22 ) + (a 12 + c 22 )(ei + b 12 ). We now 
compute 

M(a l2 + b 12 c 22 ) 
= M((ei + b 12 ) (a 12 + c 22 ) + (a 12 + c 22 )(ei + b 12 )) 
= M((ei + b 12 )M*M*~\a l2 + c 22 ) + M*M*~\a 12 + c 22 )(e 1 + b 12 )) 
= M(ei + 6 12 )M*~ 1 (a i2 + c 22 ) + M*' 1 (a 12 + c 22 )M{e x + b 12 ) 
= M{e x + b 12 )M*~" (a 12 ) + M( ei + 6 12 )M* _1 (c 22 ) 

+M*~ 1 (a 12 )M(ei + 6 12 ) + AT^ (c 22 )M(ei + 6 12 ) 

= M(( ei + 612)012 + a 12 ( ei + 6 12 )) + M(( ei + b 12 )c 22 + c 22 ( ei + 6 12 )) 

= M{a 12 ) + M{b 12 c 22 ). 

Similarly, we can get M(a 2 i + 6 22 c 2 i) = M(a 2i ) + M(6 22 c 2i ) from the fact that a 2 i + 
b 22 c 2 i = (ei + c 2 i)(a 2 i + 6 22 ) + (a 2 i + 6 22 )(ei + c 2i ). 

(ii) and (iv) follow from (i) and (hi) respectively by Lemma [61 □ 

Lemma 11. The following are true. 

(I) M(a }2 + b 12 ) = M{a l2 ) + M(b 12 ); 

(II) M*~\a u + b 12 ) = M*~\a 12 ) + M*~\b 12 ). 

Proof. We only show (i). Suppose that c = en + c i2 + c 2i + c 22 G 7?. satisfies M(c) = 
-^(012) + ^(612). For any £ 22 G 7^ 22 , we have 

M* _1 (t 22 c + ct 22 ) = M*" 1 (t 22 ai 2 + ai 2 t 22 ) + M^ 1 (t 22 6i 2 + 6i 2 t 22 ) 

= M*~\a l2 t 22 ) + M*' 1 (b 12 t 22 ) 

= M* (a 12 t 22 + 612*22)- 
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Note that we apply Lemma [7] in the first equality and Lemma [TU1 in the last equality. 
Therefore we have t 22 c + ct 22 = ^12*22 + b\ 2 t 22 . Consequently, 

(3) ^22C21 + ^22C 2 2 + Ci 2 t 22 + C 22 t 22 = ^12^22 + Pl2*22 

It follows that t 22 c 21 — 0, and so, by Lemma HJ c 2 i = 0. 

Equation also implies that t 22 c 22 + c 22 t 22 = 0, which yields c 22 = 0. 

It follows from equation Q that Ci 2 * 22 = ai 2 * 22 + £12*22 ; an d so c 12 = ai 2 + b\ 2 . 

To complete the proof it remains to show that en = 0. For arbitrary * 12 G 1Z\ 2 , by 
Lemma d we compute 

M*~' (t 12 c + ct 12 ) = M*" 1 (* 12 a 12 + a 12 t 12 ) + M*' 1 (t 12 b 12 + b l2 t l2 ) = 0. 

Then t u c + ct 12 = 0, consequently, = t 12 c + ct 12 = t u c 21 + *i 2 c 22 + c n t 12 + c 2 ih 2 = 
cn*i 2 = 0. And so en = 0. Therefore, c = c\ 2 = a\ 2 + b\ 2 . □ 

Lemma 12. The following hold. 

(I) M(a 21 + b 21 ) = M{a 21 ) + M{b 21 ); 

(II) M*-\a 21 + b 21 ) = M*-\a 21 ) + M*'\b 21 ). 

Proof. Suppose that M(a 2 i) + M(6 2 i) = M(c) for some c = en + ci 2 + c 2 i + c 22 G 7?.. 
For any * 22 G 7?. 22 , using Lemma [7J and Lemma [lOj we have 

M*~ (* 22 c + c* 22 ) = M*~ {t 22 a 21 + 021*22) + (*22» 21 + b 2 it 22 ) 

= M*' 1 (t 22 a 21 ) + M* _1 (* 22 6 21 ) = M*~' (* 22 a 21 + * 22 6 21 ) 
= M*~\t 22 (a 21 + b 21 )) 
which implies that t 22 c + ct 22 = * 22 (a 2 i +621)? an d so 

(4) t 22 c 21 + t 22 c 22 + c 12 t 22 + c 22 t 22 = t 22 (a 2 i + 621). 

It follows that t 22 c 22 + c 22 t 22 = and ci 2 * 22 = 0. By Lemma HI we have c 22 = and 
C12 = 0. 

Equation (jlj) also implies that * 22 c 2 i = * 22 (a 2 i +621), and so c 2 i = a 2 i + b 2 \. 
We now prove that c\\ = 0. To this aim, for every t 2 \ G 7Z 2 i, we consider 

M* -1 (t 21 c + ct 21 ) = M*" 1 (t 21 a 2 i + 021*21) + M*' 1 (t 21 b 2 i + 621*21) = 0. 

Thus t 21 c + c*2i = 0. Then we have = t 21 c + ct 2X = t 21 c u + t 2X c\ 2 + c\ 2 t 2 \ + c 22 * 2 i = 
*2iCu, and so en = 0. Therefore, c = c 2 i = o 2 i + 621- The proof is complete. □ 

Lemma 13. For arbitrary On, On G TZn, we have 

(I) M(a u + 6u) = M(a n ) + M(b n ); 

(II) M*'\an + &u) = M*-\ ail ) + M*\b n ). 

Proof. We only prove (i). Let c = en + C\ 2 + c 2 i + c 22 G 1Z be chosen such that 
M(c) = M{a n ) + M(bul 
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For any * 22 G ^22, by Lemma [3, we have 

M*" 1 (* 22 c + c* 22 ) = M*" 1 (t 22 au + 011*22) + M*~' (t 22 6n + 611*22) = 0. 

This implies that * 22 c + c* 22 = 0. By Lemma 0], we get ci 2 = c 2 i = c 2 2 = 0. 
We now show that Cn = an + 6n- For arbitrary *i 2 G 7?i 2 . We compute 

M*'\t 12 c + ct 12 ) 

= M*~ l (t 12 au + an*i 2 ) + M* _1 (* 12 6 n + 6 n *i 2 ) 

= M*~\a n t 12 ) + M* _1 (&nti 2 ) = M* _1 ((an + 6 n )* 12 ). 

It follows that * 12 c + ct u = (an + 6n)*i2- Furthermore, cn*i 2 = (a n + b u )t 12 , thus 
en = an + &n- 

□ 

Similarly, we have 

Lemma 14. For arbitrary a 22 , b 22 G 7^22? we have 
(1) M(a 22 + 622) = M(a 22 ) + M(b 22 ); 
(ii) M*~\a 22 + b 22 ) = M* _1 (a 22 ) + M*~\b 22 ). 

Lemma 15. For arbitrary an G TZn and b 22 G TZ 22 , the following hold. 
(1) M(a u + b 22 ) = M(a n ) + M(b 22 ); 
(ii) M*~\ ail + b 22 ) = M*~\ ail ) + M*~\b 22 ). 

Proof. We only prove (i). Let c = Cn + <n 2 + c 2 i + c 2 2 be an element of 1Z satisfying 
M{c) = M{a n ) + M{a 22 ). 

For any t 22 G TZ 22 , we consider 

M*" 1 (* 22 c + ct 22 ) = M*' 1 (t 22 a n + a n t 22 ) + M*~' (t 22 b 22 + b 22 t 22 ) 

= M*'\t 22 b 22 + b 22 t 22 ). 

This implies that * 22 c + c* 22 = ^22^22 + 622*22- Then we get * 2 2C2i = 0, 012*22 = 0, 
and *22C CC + c 2 2*22 = ^22622 + 622*22- Again, by Lemma HJ we have c 2 i = c i2 = 0, and 
C22 = 622- 

To complete the proof, we need to show that en = an- For any * 12 G TZ 12 , we 
obtain 

M* _1 (*i 2 c + c* 12 ) = M^ 1 (*i 2 a 11 + a 11 *i2) + M^ 1 (* 12 6 22 + 6 22 * 12 ) 

= M*~\a xi t 12 )+M*'\t 12 b 22 ) 

= M*~ 1 (a 11 *i2 + ti26 2 2)- 

Note that in the last equality we apply Lemma [HJ It follows that *i 2 c + c*i 2 = 
011*12 + ^12622, which leads to *i 2 c 2 i + *i 2 c 2 2 + c xl t 12 + c 2 i*i 2 = an*i 2 + * i2 6 22 , and so 
Cn* 12 = 011*12- Therefore, Cn = an. The proof is done. 

□ 
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Lemma 16. For arbitrary a\ 2 G 1Z%2 and b 2 % G 72 2 i > we have 

(I) M(a 12 + b 2l ) = M(a 12 ) + M(b 21 ); 

(II) M*~\a 12 + b 21 ) = AT -1 (012) + M*~\b 21 ). 

Proof. Let c = en + C12 + C21 + C22 G 1Z be chosen such that M(c) = M(ai 2 ) + M(a 2 i). 
Now for arbitrary t\ 2 G TZ\ 2 , we have 

M* _1 (£ 12 c+ci 12 ) = M*' 1 (tna^+ant^+M*' 1 (t 12 b 21 + b 21 t 12 ) = M*' 1 (t 12 b 21 +b 21 t 12 ). 

Therefore 

t\ 2 C + c£i2 = ^12^21 + b 2 iti 2 , 
i.e., ti 2 cn +ti 2 c 2 2 + c n t 12 + c 21 t u = t 12 b 21 +b 21 t l2 . This implies ti 2 c 22 = 0, c u t 12 = 0, 
and c 2 \t X2 = b 2 iti 2 . Applying Lemma IU we get c 2 2 = Cn = and c 2 \ = b 21 . 
We now show that c\ 2 = a± 2 . For any t 2 \ G 72-21, we obtain 

M*~\t 21 c + ct 21 ) 

= M*' 1 (t 21 a 12 + a 12 t 21 ) + M*' 1 (t 21 b 21 + b 21 t 21 ) 

= M* (t 21 a 12 + a 12 t 21 ) . 

This leads to 

t 2 ic + ct 2 i = t 2 \a\ 2 + ai 2 t 21 . 
Multiplying the above equality from the left by e\, we arrive at ci 2 t 2 ± = CLi 2 t 2 i. And 
so C12 = CI12, as desired. 

□ 

Lemma 17. For any an G IZn, &12 G 7Zi 2 , and c 2 i G 72-21; we have 
(1) M(au + 612 + C21) = M(an) + M(b l2 ) + M(c 2 i); 
(iij M* X (a n + b 12 + c 2 i) = M* \a n ) + M* _1 (6 12 ) + M* _1 (c2i). 

Proof. We pick d = d u + d 12 + d 2 i + d 2 2 G 72 such that M(d) = M(a n ) + M(b 12 ) + 
M(c 2 i). By Lemma [S]and Lemma [HI we have 

(5) M(d) = M(a u + b l2 ) + M(c 21 ) 
and 

(6) M(d) = M(a n + c 21 ) + M(b 12 ). 
For any £ 2 i G 72 2 i, by Lemma [7] and equation ([5]), we have 

M*' 1 (t 21 d + dt 21 ) 
= M(* _1 t 21 (a n + 612) + (an + &i 2 )*2i) + M*'\t 2l c 21 + c 2 i£ 2 i) 
= M*~\t 21 au +t 21 b 12 + 612*21), 
which yields that 

(7) £ 2 1 d + dt 2 l = *2lOll + *21&12 + &12*21- 
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Multiplying equality (J7J) by e 2 from the right and the left respectively, we get t 2 \ d\ 2 — 
£21012 and ^21^11 = ^2i a ii) an d so d\ 2 = b 12 and d\\ = an. 

We now show that c/21 = C21 and (I22 = 0. For arbitrary £12 G TZ\ 2 , using Lemma [7] 
and equality ([6]), we have 

M*~\t 12 d + dt X2 ) 
= M*' 1 (t 12 (a n + c 21 ) + (a n + c 2 i)t 12 ) + M*~" {t l2 b X2 + b 12 t 12 ) 
= M* (t 12 c 2 i + a n t 12 + c 21 t 12 ). 
This leads to 

(8) t 12 d + dt 12 = t 12 c 21 + a u t 12 + c 21 ti 2 . 

Multiply equation ([8]) by t\ from the right, we get ^12^21 = ^i2 c 2i an d so d 2 i = c 2 \. 
Now equality ([7]) turns to be d 22 t 2 \ = and so d 2 2 — 0. Therefore d = au + bi 2 + c 2 i. 
By Lemma M, we see that equality (ii) also holds. □ 

Similarly, we have the following 

Lemma 18. For any a± 2 G H12, &21 G T^2\, and c 22 G 7Z 22 , we have 

(I) M{a 12 + O21 + C22 ) = M(a 12 ) + M(b 21 ) + M{c 22 ); 

(II) M*~\a 12 + b 21 + c 22 ) = M*~\a l2 ) + M*~\b 21 ) + M*~\c 22 ). 

Lemma 19. For any a n G IZn, °i2 G TZi 2 , c 2 i G 1Z 2 \, and d 22 G 1Z 22 , the following 
hold. 

(1) M{a n + 612 + C21 + d 22 ) = M{a u ) + M{b 12 ) + M(c 21 ) + M{d 22 ); 

(ii) M*' 1 (a n + b 12 + c 2 i + d 22 ) = M*' 1 (a n ) + M* ' (b 12 ) + M*~' (c 21 ) + M*" 1 (d 22 ) . 

Proof. We choose f = fn + f\ 2 + /21 + ^22 G 7?. such that 

M(/) = M(a n ) + M(6 12 ) + M(c 2 i) + M(d 22 ) = M(a n + d 22 ) + M(6 12 + c 21 ). 

We compute 

= M* _1 (ei(au + d 22 ) + (an + d 22 )ei) + M*' 1 ( ei (b 12 + c 21 ) + (6 12 + c 21 ) ei ) 
= .I/' (a n + a n ) + M*" 1 (6 12 + c 21 ) = M* _1 (2a n ) + M*" 1 (6 12 ) + M* _1 (c 21 ) 
= M*' 1 (2a 11 + b 12 + c 21 ). 

Note that in the last equality we apply Lemma [T71 Then we get e\f + fe.\ = 2au + 
b\ 2 + c 2 \. Furthermore, we have 

2/n + /i 2 + /21 = 2an + 612 + C21. 

Multiplying the above equality by e 2 from the left and the right respectively, we can 
infer that f 12 = b 12 , f 21 = c 21 , and f u = an. 
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We need to show / 22 = d 22 in order to complete the proof. For any £ 12 G 7Z\2, we 
consider 

M*~\t 12 f + ft 12 ) 

= M*' 1 {t 12 {a u + d 22 ) + (an + d 22 )t 12 ) + M*" 1 (t 12 (6 12 + c 21 ) + (b 12 + c 21 )t 12 ) 
= M*' 1 (t 12 d 22 + a n tn) + M* ' (t 12 c 2l + c 21 t 12 ) 
= M* 1 (t 12 d 22 + a n t 12 + t 12 c 21 + c 21 t 12 ) . 

Consequently, 

£12/ + ftu = t\ 2 d 22 + a,\\t\ 2 + t\ 2 c 2 \ + c 2 iti 2 , 
this implies that h 2 f 22 = t\ 2 d 22 . Thus / 22 = d 22 . □ 

Proof of Theorem [2] We first show that M is additive. Let a = an + ai 2 + a 2 i + a 22 

and b = bn + b\ 2 + b 2 \ + & 22 be two arbitrary elements of 1Z. Then 

M(a + 6) 

= M((a n + & u ) + (a 12 + b 12 ) + (a 21 + b 21 ) + (a 22 + 6 22 )) 

= M(a n + 6n) + M(ai 2 + b 12 ) + M(a 21 + b 2l ) + M(a 22 + 6 22 ) 

= M(an) + M(fon) + M(a 12 ) + M(6 12 ) + M(a 21 ) + M(6 21 ) + M(a 22 ) + M(b 22 ) 

= M(a u + ai 2 + a 21 + a 22 ) + M(b u + b\ 2 + b 21 + b 22 ) 

= M(a) + M(b). 

That is, M is additive. 

We now prove the additivity of M*. For any 1,1/6 71', there exist c = Cn + c i2 + 
c 2 i + c 22 and d = dn + d\ 2 + d 2 \ + d 22 in 1Z such that c = M*(x) + M*{y) and 
d = M*(x + y). 

For arbitrary tj.,- e 72-^ (1 < i,j < 2), using the additivity of M, we compute 

M(t ijC + ct i3 ) 
= M(Uj{M*{x) + M*{y)) + (M*(x) + M*(y))%) 
= MiUjM^x)) + M{t i3 M*{y)) + M(M*(x)t y ) + M(M*(y)^) 
= M(^M*(x) + M*(x)%) + M{t i3 M\y) + M*(y)^-) 

= Af(ty)x + XM (%) + Af(ty)j/ + yM(ty) 

= M(t il )(x + y) + (x + y)M(t ij ) 

= M(t ij M*(x + y) + M*(x + y)t ij ) 

= Mitijd + dUj). 

Therefore, 
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Letting i = j = 1 in equality we get 
(10) tuCn + t\\C\2 + C\\t\\ + C2\t\\ = tixd\i + £11^12 + ^11^11 + GkAi- 

Multiply the above equation by e\ from both sides, we get t u cn + Cnt n = txxdxx + 
dutii, which implies that en = dn- 
Now equality ffTUj) becomes 

^llCl2 + C21^11 = £ll<£l2 + ^21^11- 

This yields that £nCi 2 = £11^12 and c 2 itn = cfeitii- Then, by Lemma HI it follows 
that Ci 2 = ^12 and c 21 = rf 2 i- 

To show c 22 = d 22 , we let % — j = 2 in equality (jUJ) and get 

£ 22 C 2 i + t 22 C 22 + Ci 2 t 22 + C 22 £ 22 = £22^21 + £22^22 + ^12^22 + (^22^22) 

which leads to £ 22 c 22 + c 22 £ 22 = £ 22 <i 22 + (i 22 £ 22 , and so c 22 = d 22 . Consequently, c = d, 
hence M*(x + y) = M*(x) + M*(y), which completes the proof. 

For the case of Jordan elementary maps on prime rings we have the following result. 

Corollary 20. Let TZ be a 2-torsion free prime ring containing a nontrivial idempo- 
tent ex, an d TZ' be an arbitrary ring. Suppose that e 2 ae 2 fee 2 + e 2 fee 2 ae 2 = for each 
b G TZ implies e 2 ae 2 = 0. Let M: TZ — > TZ' and M* : JZ' — ► 1Z be two surjective maps 
such that 

( M(aM*(x) + M*{x)a) = M(a)x + xM(a), 
I M*(M(a)x + xM(a)) = aM*(x) + M*(x)a 

for all a ETZ, x eTZ' . Then both M and M* are additive. 

Proof. Since TZ is prime, it is easy to check that condition (i) of Theorem [2] holds 
true. Now the proof goes directly. □ 

In particular, if a prime ring has an identity element, then we have 

Corollary 21. Let TZ be a 2-torsion free unital prime ring containing a nontrivial 
idempotent ex, and TZ' be an arbitrary ring. Suppose that M : TZ — > TZ' and M* : TZ' — > 
TZ are two surjective maps such that 

( M(aM*(x) + M*(x)a) = M(a)x + xM(a), 
\ M*(M(a)x + xM{a)) = aM*{x) + M*(x)a 

for all a ETZ, x &TZ' . Then both M and M* are additive. 

We complete this note by considering Jordan elementary maps on standard operator 
algebras. 

Corollary 22. Let A be a standard operator algebra on a Banach space of dimension 
greater than 1, and TZ be an arbitrary ring. Suppose that M : A — » TZ and M* : TZ — > A 
are surjective maps such that 

( M(aM*(x) + M*(x)a) = M(a)x + xM(a), 
\ M*(M{a)x + xM(a)) = aM*(x) + M*{x)a 
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for all a G A, x G 1Z- Then both M and M* are additive. 

Proof. Note that, by Lemma 2 in ^j, we see that A satisfies conditions (i) and (ii) of 
Theorem [2J Now, the proof follows easily. □ 
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